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Wave interaction theory can be used as a tool to understand and predict instability in a variety of homogeneous and
stratified shear flows. It is however, most often limited to piecewise-linear profiles of the shear layer background
velocity, in which stable vorticity wave modes can be easily identified, and their interaction quantified. This approach to
understanding shear flow instability is extended herein to smooth shear layer profiles. We describe a method, by which
the stable vorticity wave modes can be identified, and show that their interaction results in an excellent description of
the stability properties of the smooth shear layer, thus demonstrating the presence of the wave interaction mechanism
in smooth shear flows.
Wave interaction theory (WIT) has been used to provide a
physical explanation for many results in the stability of ho-
mogeneous and density stratified shear flows1–4. In such a de-
scription, an unstable mode results from the interaction of two
otherwise freely propagating waves and requires: (i) that the
waves are able to adjust each others’ phase speed in order to
become phase-locked, and (ii) to be configured such that they
can cause mutual growth in one another2–5. However, except
for a few exceptions6–9, the application of WIT is restricted
to idealised piecewise-linear profiles with kinks in the back-
ground flow, U(z), where z represents the across-stream dis-
tance. This results in delta function behaviour of background
flow vorticity gradients, U ′′(z), with primes indicating ordi-
nary differentiation with respect to z. Although considerably
simplifying the analysis, use of piecewise profiles hampers the
applicability of WIT by restricting it to particularly idealised
applications.
A major difficulty in applying WIT to more realistic smooth
profiles lies in the ambiguity of identifying neutral waves in
such flows. This is due to the fact that the stable normal modes
no longer occupy a discrete set of wave modes at a few well-
defined phase speeds, cn(k), with k the horizontal wavenum-
ber, and n a countable index, as they do in piecewise profiles.
Rather, they consist of a continuous c-spectrum with a singu-
larity in the form of a vortex sheet located at the critical layer
height, zc, where the modal phase speed matches the back-
ground flow, i.e., U(zc) = c. Despite this difficulty in apply-
ing WIT to smooth profiles, the stability analysis of piecewise
profiles are found to be in qualitative agreement with their
smooth counterparts, suggesting that the mechanisms are sim-
ilar. In this letter we identify stable wave modes (i.e., vorticity
waves) in a smooth shear layer profile, and use these modes
to quantify the wave interactions present. The results lead to
an accurate description of the normal mode instability of the
shear layer, and demonstrate that we may apply WIT to under-
stand various aspects of the stability of smooth shear flows.
The stability of two-dimensional perturbations to an in-
viscid background flow U(z), are governed by Rayleigh’s
equation4,10,11
(U− c)(wˆ′′− k2wˆ)−U ′′wˆ = 0, (1)
for the perturbation vertical velocity given by the normal
mode form w(x,z) = Re{wˆ(z)eik(x−ct)}, with x the distance
in the direction of the basic flow, and t representing time. To-
gether with the boundary conditions that wˆ = 0 at z = zl ,zu,
Eq. (1) represents an eigen-problem with eigenvalue c, and
eigenfunction wˆ(z), which are functions of the horizontal
wavenumber, k. Since the coefficients of Eq. (1) are general
functions of z, solutions are most often found through numer-
ical computation (see, e.g., Hazel12). In this letter, we use
a second-order finite difference scheme to convert the differ-
ential eigenvalue problem in (1) to a matrix eigenvalue prob-
lem, which is solved using standard software, as described in
Smyth and Carpenter4. For U(z) profiles that do not have an
inflection point, all c are necessarily real, and the solution to
Eq. (1) is known to be composed of a continuous spectrum of
c values with a slope discontinuity of the corresponding eigen-
function at the critical height10,13. In a numerical solution, the
continuous spectrum expresses itself through eigenvalues of
c located at the speed of the background flow matching the
z-grid levels, i.e., c j =U(z j) for grid levels at z j.
Such an analysis has been conducted for the smooth U(z)
that has previously been suggested by Baines et al.14, and is
shown in Fig. 1(a). It is composed of constant shear above
and below an interfacial region of thickness d, in which U ′′ =
−(2hd)−1 = const., that can be described by the function
U(z)
U0
=
{ 1 , z > h+d
1− (h+d− z)2/(4hd) , h−d < z < h+d
z/h , z < h−d.
(2)
A plot of a selection of the eigenvalues that result, sorted
by phase speed, is shown in Fig. 2(a). These modes corre-
spond to the continuous spectrum, and exhibit eigenfunctions
that have singularities located at the critical height (e.g., Figs.
2b and 2d, where |wˆ(z)| is plotted). This can be seen when
we change the numerical grid from N = 600 grid points to
N = 599, and observe a corresponding change in the real part
of the phase speed, Re{c}, with the imaginary part being zero
(Fig. 2a). There is however, a single exceptional mode that
can be seen in Fig. 2(a). This "regular mode" exhibits very
little change with N, and corresponds to an eigenfunction that
does not have a discontinuous derivative at the critical height
(Fig. 2c). These are desirable properties that result in a more
physically reasonable modal structure, as (i) perturbation vor-
ticity is not introduced in a region of the flow that has no
background vorticity gradients, i.e., U ′′ = 0, and (ii) the phase
speed is not dependent on the numerical grid. Point (ii) can be
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2FIG. 1. Profiles of (a) a smooth vorticity interface exhibiting stable
vorticity waves, and (b) an unstable smooth shear layer constructed
as a composite of two smooth vorticity interfaces from the profile in
(a). Regions in which U ′′(z) 6= 0 are highlighted in grey, and each
have a thickness of d = 0.2h, with vertical boundaries located at z =
±3h. Piecewise-linear profiles differ from the smooth profiles only
in the grey regions, and are shown as an inset in (a), with a similar
definition for the piecewise-linear shear layer.
confirmed by doubling N, and observing only a 1% change in
the phase speed of the regular mode. We argue that this reg-
ular mode is the smooth profile analogue of a vorticity wave,
defined precisely for piecewise-linear U(z), and is a mode of
the discrete, rather than the continuous, spectrum.
A distinction between modes of continuous and discrete
spectra can be made based on the behaviour of wˆ(z) at zc.
From inspection of Rayleigh’s equation (1) where U ′′ = 0,
i.e., (U − c)(wˆ′′− k2wˆ) = 0, it can be seen that any value of
wˆ′′ can be chosen at zc that allows wˆ to satisfy the boundary
conditions for that particular c, and that c can take on a con-
tinuum of values. Such a solution will have a jump in wˆ′ at zc.
This is the singular continuous spectrum. The analysis above
shows, however, that there is a special, discrete c where no
jump is needed to satisfy the boundary conditions. This mode
therefore, belongs to the discrete spectrum, and is what we re-
fer to as the regular mode. The identification of such modes
is more complicated when U ′′(zc) 6= 0, but can be treated in a
similar fashion.8
For piecewise-linear profiles, as shown in Fig. 1(a) by the
dashed line in the inset, we may write the background vorticity
gradient as a sum of delta functions, i.e.,
U ′′(z) =
N
∑
j=1
∆Q jδ (z− z j), (3)
where the sum is over all N vorticity interfaces, defined as lo-
cations z j, where the background flow vorticity, U ′, jumps by
an amount ∆Q j ≡U ′(z+j )−U ′(z−j ). This allows for a signifi-
cant simplification of Rayleigh’s equation (1) to
wˆ′′− k2wˆ = 0. (4)
In arriving at this result we have discarded the continuous
spectrum arising from cancelling a factor of U − c from the
left hand side. The form in Eq. (4) admits a general solution
of
wˆ(z) =
N
∑
j=1
A jG(z,z j), (5)
where the A j are complex coefficients to be determined as part
of the solution, and the Green’s function
G(z,s) =
i
S[k(zu− zl)] ·
{
S[k(zu− z)]S[k(s− zl)] , z > s
S[k(zu− s)]S[k(z− zl)] , z < s
(6)
with S(y) denoting the hyperbolic sine function, sinh(y). The
stability properties of the flow are then found by integrating
Eq. (1) across the interface locations, z j, to give a series of
jump conditions that allow for the determination of the A j, as
well as a dispersion relation of the form D(c,k) = 0. These
jump conditions correspond to the physical requirement of
continuity of stress normal to the interface10. By including
many interfaces, an approximate solution to smooth profiles
could be obtained that is equivalent to a numerical solution
method (albeit an inefficient one)15.
We examine a single vorticity interface located at z= h that
corresponds to the piecewise limit of the smooth profile in Eq.
(2) as d→ 0 (Fig. 1a). The vorticity wave phase speed found
in this way is given by
c(k) =U0+
∆Q
k
S[k(zu−h)]S[k(h− zl)]
S[k(zu− zl)] , (7)
and plotted in Fig. 2(e) as a dashed line. This dispersion rela-
tion follows very closely that obtained from the smooth profile
when the location of the regular mode is found for each value
of the dimensionless wavenumber, kh, plotted as points in Fig.
2(e). This lends further support to the regular mode being
the smooth profile analogue of the piecewise-linear vorticity
wave. Note also, that we would expect an increasing devia-
tion of the dispersion curves from each other as kh gets large,
since then the length scale d, characterising the thickness of
the vorticity gradient region, becomes important in setting the
propagation speed on the smooth vorticity interface.
When a second vorticity interface (either smooth or piece-
wise) with equal and opposite vorticity jump is included at
z = −h, we introduce an inflection point into the profile, and
have a U(z) that is representative of a shear layer (Fig. 1b).
This profile supports two vorticity waves that, according to
WIT, can interact to cause phase-locking and mutual growth
at relatively low values of kh, thus producing instability. This
mechanism of shear layer instability through wave interaction
is described in many previous studies1–4,6,9. Stability results
for both the numerical solution of the smooth shear layer, and
the analytical solution for the piecewise-linear shear layer, are
shown in Fig. 3 in terms of the growth rate, σ ≡ kIm{c}, and
phase speed, Re{c}. Note that the same method of identifying
stable vorticity waves described above, and shown in Fig. 2,
was used to find the curves in the stable region (Fig. 3b). Not
surprisingly, the curves follow one another very closely, with
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FIG. 2. The identification of a stable vorticity wave on the smooth vorticity interface shown in Fig. 1(a) for a kh = 0.2. A selection of the
sorted distribution of eigenvalues c = Re{c} for two slightly different grids, corresponding to N = 600 (black dots) and N = 599 (green stars)
grid levels, is shown in (a). The numbering of the eigenvalues on the horizontal axis is arbitrary. The dashed horizontal line in (a) indicates the
phase speed of the piecewise profile. Selected eigenfunctions with phase speeds less than, equal to, and greater than, the regular mode phase
speed are plotted in (b,c,d), respectively. The horizontal dashed line marks the location of the critical height in each case, and the grey shading
the region where U ′′ 6= 0. The dependence of the regular mode phase speed on dimensionless wavenumber, kh, is shown in (e), along with the
dispersion relation of the piecewise U(z) as a dashed line.
differences becoming more apparent for larger kh, as expected
and discussed for the smooth vorticity interface above.
Given the isolated dispersion relation of vorticity waves on
smooth vorticity interfaces (Fig. 2e), it is possible to approxi-
mate the growth rate and phase speed characteristics of the un-
stable shear layer modes directly from WIT. This can be done
by using an approximation due to Cairns16 (see also Craik17),
wherein the full dispersion relation of two interacting waves is
expanded about the point of crossing of the isolated dispersion
curves. If we denote the appropriate branches of the isolated
dispersion curves of the two waves by c1,2(k), then we can
write
(c− c1)(c− c2)− int(k) = 0. (8)
For general piecewise-linear profiles the interaction term
int(k) =
L1|c1L2|c2
∂D1
∂c |c1 ∂D2∂c |c2
, (9)
where D j(c,k) = 0 is the isolated dispersion relation of in-
terface j. We have also defined L j such that D j ≡ D j/Dt +
L j, with D j/Dt ≡ ∂/∂ t +U(z j)∂/∂x the linearised material
derivative of interface j. The L j terms represent the relation
between the interface displacement, η j, and the vortex sheet
strength. It can be found from the jump condition, applied at
the interface level at z j to give
D j
Dt
A j +L j[η j] = 0, (10)
where the solution is expressed as in Eq. (5), with A j propor-
tional to the vortex sheet strength. For example, in this formu-
lation a vorticity interface has L j = ikC jD jη j/Dt, whereas
a density interface in a layered stratified flow would have
L j = k2C2jη j, with C j the intrinsic wave speed on each in-
terface, defined by C j ≡ c j−U(z j).
Substituting the vorticity wave dispersion relation into (9),
the interaction term is given by
int(k)≡ ε2C1(k)C2(k), (11)
with ε ≡ G(z1,z2)/G(z1,z1) = G(z2,z1)/G(z2,z2). Using the
quadratic formula allows us to write the dispersion relation as
c =
c1+ c2
2
±∆1/2 with ∆≡ (c1− c2)
2
4
+ int(k). (12)
This form, which we will refer to as the Cairns approxima-
tion, has the following physical interpretation. Instability is
only possible for ∆ < 0, when the difference in the isolated
phase speeds of the two interacting modes is smaller than the
strength of the interaction between them. Only when the in-
teraction can counter this propagation difference can phase-
locking occur. In addition, the intrinsic phase speeds of the
interacting waves must be opposite so that int(k)< 0, which is
sufficient to ensure that they may cause mutual growth in one
another, once phase-locked2,4. The strength of the interaction
also depends on the decay of the vertical velocity between the
two wave-supporting interfaces given by the Green’s function
in (6), and is quantified by ε .
The Cairns approximation may be applied to the smooth
shear layer by using the isolated dispersion relation found for
the smooth vorticity interface in Fig. 2. In doing so, we will
take the location of the smooth interfaces at z = ±h, and the
advection of each wave to be ±U0. Note that these choices
are approximations, and have no rigorous justification, due to
the fact that the interfaces occupy a finite thickness with a
4FIG. 3. Dimensionless growth rate (a) and phase speed (b) for the shear layers in Fig. 1(b). Solid lines show the numerical results, and dashed
lines those for the piecewise-linear profile. The Cairns’ approximation resulting from applying (12) to the dispersion relation for the smooth
vorticity interfaces (as in Fig. 2e for the upper interface) is shown by the dots.
variable advection speed. Nonetheless, the results of applying
the Cairns approximation to estimate growth rates and phase
speeds, shown in Fig. 3, exhibit better agreement to the nu-
merical results than the piecewise profile. We conclude that
instability in the smooth shear layer can indeed be understood,
and quantified, using WIT.
In closing, we would like to remark that the present work is
closely related to that of Iga8, who identified two singular, sta-
ble interacting waves in the smooth hyperbolic tangent shear
layer profile. We see the present work as an extension of Iga8
that bridges the piecewise and smooth shear layers. This con-
nection is complicated by the sudden presence of the singular
continuous spectrum for smooth profiles. However, through
the identification of the regular mode a distinction from the
continuous spectrum is made, and this mode is shown to be the
smooth analogue of the vorticity wave present on sharp inter-
faces in piecewise-linear profiles. Finally, utilising the Cairns
approximation has allowed for the first quantification of the
wave interactions present in the smooth shear layer based on
the smooth vorticity waves. This demonstrates that the wave
interaction mechanism is applicable to general smooth shear
flows.
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